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Introduction
ALTHOUGH several groups have investigated pulsed

-£*- plasma guns for electric propulsion,1"4 exhaust measure-
ments have been limited mainly to the determination of gross
parameters such as total energy content and momentum.5
More detailed information on the exhaust characteristics is
desirable for a better understanding of the acceleration
mechanisms. A simple technique of measuring ion current
is described with which ion densities up to 3 X 1013 cm"3 and
ion velocities from 106 to 107 cm-sec"1 have been determined
as a function of time and position in the nitrogen plasma
from a coaxial gun. The technique has been used previously
on high energy hydrogen plasmas produced by guns used in
controlled thermonuclear research;6'7 it is similar to a tech-
nique used for examining ion beams.8

Description of the Apparatus
The coaxial gun used has been described elsewhere;3 it

produces a burst of nitrogen plasma, containing approxi-
mately 1018 ions, which travels at several centimeters per
microsecond. The probe used to measure ion current is a
negatively biased Faraday cup completely surrounded by a
grounded shield containing a small entrance hole for the
plasma and several pumping holes to ensure that the neutral
particle density inside the probe is low. Diagrams of the
probe and the biasing circuit are shown in Fig. 1, together
with a typical oscillogram of the probe output. The probe is
mounted so that it can be moved to different positions in the
exhaust.

The cup is biased sufficiently negative so that all the elec-
trons in the plasma which enter the probe are repelled from
the cup while the ions are collected. For a plasma of pre-
dominately one ion species, the amplitude of the ion current
collected (/) is
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Fig. 1 a) Ion probe; not to scale; over-all diameter 1.5
cm. b) Biasing circuit, c) Typical signal, 8 trace overlay;
5 jusec/cm, flight distance 136 cm, entrance hole 0.5-mm

diam.

where n is the ion number density, e is the electronic charge,
v is the component of ion velocity normal to the face of the
probe, A is the area of the entrance hole, and Z is the number
of electronic charges per ion.

If the flight distance is much greater than the gun length
and if the transit time greatly exceeds the electrical period,
then the plasma can be considered as originating from a point
source; therefore, the velocity v of the plasma can be calcu-
lated from the time of flight. With v known, nZ is obtained
from the amplitude of the ion current. For example, the os-
cillogram in Fig. 1 shows that the plasma corresponding to the
peak in ion current arrives at the probe with a velocity of 6.5
cm/jusec and, if singly ionized, has an ion density of 6.5 X
1012 cm-3.

Experimental Results
The bias voltage necessary to repel electrons from the ion

collector is two or three times the electron temperature in
electron volts plus any potential difference between the outer
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Fig. 2 Probe ion current vs distance from the gun. Gun
operating conditions differ from those for Fig. Ic.
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shield of the probe and the plasma. The magnitude and
polarity of the latter voltage depends on the operating condi-
tions of the gun and, in practice, 50-100 v of bias were neces-
sary.

The distance between the probe and gun was varied from
50 to 150 cm in order to check the behavior of the probe with
different plasma densities and to establish whether the gun
could be considered as a point source. Figure 2 shows the
variation of peak ion current and integrated ion current with
distance from the gun. The ion current was integrated with
a simple r.c. circuit. The peak current decays inversely as
distance cubed, whereas the total number of charges collected
varies inversely as distance squared. Therefore, the gun can
be treated as a point source of plasma in both space and time.
The maximum ion density measured with the probe was 3 X
1013 cm-3

The size of the entrance hole is not critical so long as the ion
current does not cause an appreciable drop in the bias volt-
age; there is no need to keep the entrance hole small com-
pared with the Debye shielding distance. The ion current
should be directly proportional to the area of the entrance
hole; to verify this, a cluster of ion probes with different size
entrance holes was made. Figure 3 shows the variation of
peak ion current with hole diameter.

Secondary electrons from the collector will contribute to
the total current collected; however, published data indicates
that the secondary electron coefficient is small as long as the
ion energy is below 1 kev.9 A small photoelectron current
is often recorded as the gun fires; however, it has stopped by
the time the probe starts to record ion current. Reflection of
plasma from the walls of the vacuum chamber into the en-
trance or pumping holes can cause errors. In a tank 3 ft X
3 ft X 4 ft, the presence of reflected plasma could be detected
when the probe was close to a wall.

To check the absolute amplitude of the ion probe signal,
the energy-per-unit area in the exhaust was measured with a
small calorimeter. The calorimeter had a receiving area of
20.3 cm2 and was re-entrant so that energy in ablated material
would not be lost; it was surrounded by two reflecting shields
to reduce radiation losses. The calorimeter measured an
average energy density of 0.026 joules/cm2 per shot. The
ion current from a probe at the same position in the exhaust
was used to calculate the energy flux due to ion motion. On
the assumption that the ions were all singly ionized, the aver-
age energy density was calculated to be 0.031 joules/cm2 per
shot. This result is in rough agreement with the calorimeter
measurement but ignores the presence of N++ in the exhaust.

Since velocity is known through time-of-flight measure-
ments, the abundance of N++ and N+ could be measured, in
principle, by magnetic or electrostatic deflection analyzers;
however, with the plasma densities encountered here (1011 to
1012 cm~3), their use is prohibited by the space charge expan-
sion of the ion beam which occurs within the analyzer. The
density attenuation (103-104) needed was considered excessive
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Fig. 3 Probe ion current vs entrance hole size.
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Fig. 4 The gridded analyzer: not to scale; over-all length
10 cm, diameter 10 cm.

for this experiment. Consequently, a simple gridded repel-
ler-type analyzer was used. In contrast to the deflection
analyzers, it can work at much higher densities, is much less
bulky, but has inherently poorer resolution.

The gridded analyzer is shown in Fig. 4. The negative
grid behind the entrance hole repels electrons, whereas the
positive collecting plate behind the grid accepts only those
ions whose kinetic energy satisfies the following relationship:

VcZe (2)
where Vc is the positive potential of the collecting plate.
The signal from the first grid varies as the total ion current
entering the probe, whereas the collector current is propor-
tional to the current from the fraction of ions which satisfy
Eq. (2).

Two points about the use of the gridded analyzer should be
noted. Firstly, any potential difference between the plasma
and the probe will produce a plasma sheath, which alters the
energies of the incoming ions; this effect, which is common to
all analyzers, can be appreciable for low energy particles.
Secondly, the mesh size of the grid must be much less than the
Debye shielding distance appropriate to the grid voltage and
the plasma density.

The oscillograms in Fig. 5 illustrate the performance of the
analyzer. In each picture the upper trace is the current to
the negative grid, and the lower trace is the current to the
positive collector. The current to the collector reduces pro-
gressively as its potential is increased. Two marked cutoffs
occur which correspond to N++ and N+ ions, the N++ cutoff
occurring earlier in time. The oscillograms show that ap-
proximately 70% of the plasma is doubly ionized.

When a correction is made for the percentage of N++ in the
exhaust, the ion probe shows that the energy density due to

c)Fc = +150 d)Fc = +175

Fig. 5 Gridded analyzer oscillograms: upper trace in
each is grid current, grid biased to -100 v; lower trace is
collector current, collector biased to +FC v; 5 jusec/cm,

flight distance 112 cm.
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kinetic motion of the ions is 0.0185 joules/cm2 per shot; an
additional 0.0015 joules/cm2 per shot is present in ionization
energy. The combined energy density is 0.020 joules/cm2

per shot compared with the total energy density of 0.026
joules/cm2 per shot given by the calorimeter. Although the
two results are within experimental error, the higher figure
given by the calorimeter could be attributed to fast neutrals.

Conclusions

The agreement between the energy density inferred from
the ion probe results and the energy density measured with a
calorimeter shows that the ion probe can give quantitative in-
formation in a tenuous nitrogen plasma having a directed
energy of a few hundred electron volts. The simplicity and
compact size of the ion probe, with or without an analyzing
grid, makes it ideal for probing the exhaust plasmas from
pulsed plasma guns.
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Dynamic Response of an Encased
Elastic Cylinder with Ablating Inner

Surface
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Introduction

THE loss of mass and stiffness affects the dynamic response
of a structure. Previous work in this area1 is related to

re-entry problems, where the stiffness of the thin covering
layer of ablative material is neglected, and only the influence
of the mass loss is taken into account. In studying the dy-
namic response of a burning cylindrical-grain in a solid-pro-
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pellant rocket, the influence of the stiffness of the solid-propel-
lant material cannot be ignored. The present note is a study
of the forced vibrations of an encased elastic cylinder with an
ablating inner surface.

A time-dependent internal pressure is applied at the inner
surface of the cylinder. If the cylinder were of a compressible
elastic material the problem would concern cylindrical waves
that emanate from the moving inner surface and interact with
the surrounding shell. Since the ablation rate is very small
as compared to the dilatational wave velocity, a vibrationary
type of response would set in after a short time. In this note
the cylinder material is assumed to be incompressible. As a
consequence, the wave velocity of dilatational waves is in-
finite, and a forced vibration is immediately started without
initial wave effects. It may be mentioned that solid-propel-
lant materials show very high bulk moduli and are usually
considered incompressible.

Special attention has been devoted to the circumferential
stress at the ablating inner surface. The analysis is valid for
arbitrary ablation rates.

Statement of the Problem
A long elastic cylinder is considered with a circular port of

monotonically increasing radius a(t) and a constant outer
radius b at which the cylinder is bonded to a thin elastic shell.
Both the cylinder and the surrounding shell are maintained in
a state of plane strain.

If the cylinder is under the action of an internal pressure
the equation of motion is expressed as

+ (ov - 0-0)/r = (D

In Eq. (1) r and 6 are the polar coordinates, and u is the dis-
placement in the radial direction. The subscript p denotes a
material constant of the cylinder.

For an incompressible elastic cylinder the radial displace-
ment is of the form

u = k(t)/r (2)
where k(£) is a function of t only.

Let Sij and e#, respectively, denote the components of de-
viatoric stress and strain. The stress-strain relation for the
incompressible elastic material can then be expressed in the
form

•Si,- = 2{jieij (3)
From Eq. (3) we derive

ov — 00 = 2/z(er — €0) = — 4/xfc(OA2 (4)
The radial stress is prescribed at r = a(t) as

r — a(i): o> = — o~i(t) (5)
The radial stress at r = b is derived from the equation of
motion of an element of the thin surrounding shell. With the
requirements that the radial stress and the circumferential
strain are continuous at the cylinder shell interface, we obtain

[ovU = - (h/V) (E'/b*) k(t) - ps (h/b)l(t) (6)
In Eq. (6), E' = Es/(l - i>s

2), and vs is Poisson's ratio. A
subscript s denotes a material constant of the shell (case).
The thickness of the case is denoted by h.

The expressions for u and o> — <re, respectively Eqs. (2)
and (4), are now substituted into Eq. (1), and the result-
ing equation for ov is subsequently integrated with respect to
r. Taking into account that the radial stress is prescribed at
the ablating inner surface Eq. (5) and at r = b Eq. (6), we ob-
tain the following differential equation for k(t):


